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1 Introduction 

In [APS], Atiyah-Patodi-Singer proved their famous Atiyah-Patodi-Singer index 
theorem for manifolds with boundary. In [D], Donnelly extended this theorem to 
the equivariant case by modifying the Atiyah-Patodi-Singer original method. In [Z], 
Zhang got this equivariant Atiyah-Patodi-Singer index theorem by using a direct 
geometric method'^^^l. In [Wu], Wu proved the Atiyah-Patodi-Singer index theorem 
in the framework of noncommutative geometry. To do so, he introduced the total 
eta invariant (called the higher eta invariant in [Wu]) which is the generalization of 
the classical Atiyah-Patodi-Singer eta invariants I^^^', then proved its regularity by 
using the Getzler symbol calculus'^^l as adopted in [BF] and computed its radius 
of convergence. Subsequently, he proved the variation formula of eta cochains, using 
which he got the noncommutative Atiyah-Patodi-Singer index theorem. In [G2], using 
superconnection, Getzler gave another proof of the noncommutative Atiyah-Patodi- 
Singer index theorem, which was more difficult, but avoided mention of the operators 
b and B of cyclic cohomology. 

The purpose of this paper is to extend the noncommutative Atiyah-Patodi-Singer 
index theorem to the equivariant case. 

The paper is organized as follows: In Section 2.1, we define the equivariant eta 
cochains and prove their regularity at infinity. In Section 2.2 we decompose the 
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equivariant eta cochains into two parts and estimate the second part. The first part 
will be estimated in Section 2.3. In Section 2.4, we consider the convergence of the 
total eta invariant. 

Let N be an odd dimensional spin manifold and G be a compact Lie group acting 
on TV by oritention-preserving isometrics, let 

C^{N) = {/ G C°°{N)\f{g.x) = f{x), for any 5 G G and x G N}. 

Suppose that Dirac operator D is invertible with A the smallest eigenvalue of |D|, 
and p = p* = p^ € A^r(C^(A^)) is an idcmpotcnt which satisfying \\dp\\ < A. Let 
rp{p{D (gi Ir)p) is the equivariant Atiyah-Patodi-Singer eta invariant associated to 
p{D (g) Ir)p which is the Dirac operator with coefficients from F = p(C""). rp{D) is 
the equivariant total eta invariants defined in Section 2. Ch(p) is the Chern character 
of p defined in [GS]. In Section 3, using the superconnction method in [G2], we prove 
the formula 

Ir)p) = {il'^iD), Ch(p)), (LI) 

In section 4, we define the equivariant Chern-Connes character on manifolds with 
boundary and discuss its radius of convergence. 

In section 5, we prove our main results. Using (LI), we express the equivariant 
index of the Dirac operator with the coefficient from G-vcctor bundle p{Cy) over the 
cone as a pair of the equivariant Chern-Connes character and Ch(p). 



2 The Equivariant Total Eta Invariants 

2.1 The Equivariant Eta Cochains 

Let iV be a compact oriented odd dimensional Riemannian manifold without 
boundary with a fixed spin structure and S be the bundle of spinors on A^. Denote by 
D the associated Dirac operator on H = L?{N; S), the Hilbert space of L^-sections of 
the bundle S. Let c{df) : S ^ S denote the Clifford action with / G C°°(Ar). Suppose 
that G is a connected Lie group acting on N by orientation-preserving isometrics and 
g £ G has a lift dg : T{S) — > T{S) (see [LYZ]), then we have dg commutes with the 
Dirac operator and dg is a bounded operator. 

Let A = C°°{N), then the data {A, H, D, G) defines a finitely (hence ^-summable) 
equivariant unbounded Fredholm module in the sense of [KL] (for details see [CH] , [FGV] 
and [KL]). Similar to [CH] or [W], for equivariant 0-summable Fredholm module 

(A, H, D,G), we can define the equivariant cochain di^{tD,D) {k is even) by the 
formula: 

chf(tA^?)(/°,---,/')(5) 

k 

:= <df')^ • • • ' <dnD, c(df +1), • • • , c{dfMg), (2.L1) 

i=0 
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where f,---,feC^{N), g e G. If A (0 < i < n) are operators on H, we define: 

{Ao, An)t{g) = I Tr(Aoe-*'^^^' Aie-*'(^^-^^)^' • • • Ane-''^'-'-^'''dg)ds, 

J An 

(2.1.2) 

where A„ = {(si, • • • , s„)| < si < • • • < s„ < 1} is the simplex in R". 

Formally, the equivariant total ry-invariant of the Dirac operator D is defined to 
be a sequence of even equivariant cochains on C°°{N), by the formula: 

]^ roo 

VkiD) = —J- / ch^ {tD,D)dt, (2.1.3) 

r(2) Jo 

where r(^) = ^/^^. Then r]Q{D){l){g) is the half of the equivariant eta invariants de- 
fined in [APS], [D] and [Z]. In order to prove that the above definition is well defined, 
it is necessary to check the integrality near the two ends of the integration. Firstly, 
the regularity at infinity comes from the following lemma. 

Lemma 2.1 For /°, • • • , 7^= € C°°{N) and geG, we have 

dS{tD,D)if,...,f)ig)=0{t-^), ast^oo. (2.1.4) 

Proof. Since dg is a bounded operator, our proof is similar to the proof of Lemma 2 
in [CH]. □ 

2.2 Expansion of The Equivariant Eta Cochains 

In [W], Wu proved the regularity at zero of (2.1.3) in the g = id case by using 
the Getzler symbol calculus. In what follows, we will give a proof of the regularity of 
(2.1.3) at zero in the general case by using the method in [CH] and [F]. 
Firstly, recall some Lemmas in [CH] and [F]. 

Let H he a Hilbert space. For q > 0, denote by Schatten p-norm on Schatten 
ideal LP (for details, see [S]). L{H) denotes the Banach algebra of bounded operators 
on H. 

Lemma 2.2 ([CH],[F]) (i) Tr(^B) = Ti{BA), for A, B G L{H) andAB, BAeLK 
(ii) ForAe L^, we have \Tv{A)\ < \\A\\i, \\A\\ < \\A\\i. 

(in) For A e LI andBeL{H), we have: \\AB\\q < \\B\\\\A\\q, \\BA\\q< \\B\\\\A\\g. 
(iv) (Hdlder Inequality) // 1 = i + p,g,r > 0, AeLJ>, Be Li, then AB G L'' 
and \\AB\\r < \\A\\p\\B\\q. 

Lemma 2.3 ([CH],[F]) For any u > 0, t > and any order I differential operator B, 
we have: 

||e-"*-°'fi||„-i < C;«-5t-5(tr[e-^])". (2.2.1) 
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Lemma 2.4 ([CH],[F]) Let Bi, B2 be positive order p, q pseudodifferential operators 
respectively, then for any s, t > 0, < u < 1, we have the following estimate: 

llSie— *^'B2e-M^*^^||,-i < Cp,,.-4^^-4^(tr[e-^])^ (2.2.2) 
Let B be an operator and I be a positive interger. Write 

bV] = [D\B^^-% bI^^=B. 

Lemma 2.5 ([CH],[F]) Let B a finite order differential operator, then for any s > 0, 
we have: 

e-^'s = ^ iziL.^sWe-^^' + (2.2.3) 
where B^^^{s) is given by 

5[^l(s)= / e-"i^-°'fi[^le-(^-"i)"^'dwidu2---dujv. (2.2.4) 
Similar to Lemma 5, we have: 
Lemma 2.6 Let B a finite order differential operator, then for any s > 0, we have: 

N-l , 

Be-'""" = J2 We-'^^'SV^ + s^ijf !(,), (2.2.5) 
1=0 ^■ 

where B^^\s) is given by 

1 (s) = / e-(^-"i>^'i?t^]e-"i*^'dnid«2 ■■■duN- (2.2.6) 
J An 

In order to prove that (2.1.3) is well defined, it is enough to prove that when 
t — 0, we have the estimate 

chf(tZ),Z))(/0,---,/'=)(5)~O(t); I.e. ^^{ViD,D){f\. ■ ■ , f^){g) ^ 0{th 

(2.2.7) 

By (2.1.5), we have for i = 0, • • • , fc, the z-th term of ch'^{VtD, D){f^, • • • , f''){g) up 
to sign is: 

a if, c(d/i), • • • , cidf%D, c{df^+^), • • • , c(d/^))^(<7) 
= t^ [ TV[/0e-^i*^'c((i/^)e-(^2-^i)*^'c(d/2) • • • c{df'){si+i - Si)De-^'^+'-'^^'^' 

■c{df'+') ■ ■ ■ c(d/*^)e-(i-^'=)*^'d^]dsi • • • dsk. (2.2.8) 
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In what follows, we will compute the expression of (2.2.8) by the above lemmas. 
By Lemma 2.6, we have: 

^ (1 - • • • (1 - Sfc)^fet^i+l+-+^fe 

~A A-0 Ai+i!---Afc! 

Ai+l,---,Afc— U 

.g-(l-Si+i)tD2j^^^^i+l^j[Ai+i] . . . [c(d/fe)][^fcl 

^1 (1 - Sg)^{l - •••(!- gfe)A/.tAr+A,+i+...+A. 

i+l<q<k\q+i,-,Xk=0 ^q+l----^k- 

•{[c(dr)]f ((1 - s,)t)}[c{dr+')f^+^^ ■ ■ ■ [c{df)]^^^l (2.2.9) 
By Lemma 2.5, we have: 

/°e-^i*^'c(d/i)e-(^^-^i)*^'c(d/2) . . . c(dr)e-(^*+i-^*)*^' 

C_nAi+-+Aj Ai.. Ai.Ai+-+Ai 

= E J- /0[c(d/i)][^^i...[c(dr)][^4-^+^*^^ 

Ai,--,Aj=0 

■'V-l f_l ^Al^-•+A3-l+iV„Al _ _ _ Xq-1 Nj.\i+-+\g-i+N 

+ E E ^-^ ,\ ' f[c{dnr^^ 

l<?<iAi,..,A<,_i=0 Ai!---Aq_i! 
• • • [c(d/«-^)][^«-il{[c(d/«)][^l(sqt)}e-("«+i-^<')*^' • • • c(df )e-("'+i-"')*^'. (2.2.10) 
By (2.2.8) and (2.2.10), we have: 

t-2{si+i - Si)Tr[fe-''^^'c{df)e-^'^-'''^'^'c{df) ■ ■ ■ c{df)De-^''+'-'''^^^' 
c{df+^) ■ ■ ■ c{df)e-^^-"'^^^'dg] 



r-nAi+.-H-Ai Ai...„Ai,' \|Ai+-+Ai+f 

= E ^-^ — X, ;T -T^{f[c{df)]^'^^ 

Ai,..,A,=o Ai!---Ai! 

• • • [c{df)]^^'h-''+'^^^ Dc{df+^) ■ ■ ■ c{df)e-^^-"'^*^%} 

^ ^ i^l (_l)Ai+...+A,-i+jV,Ai . . . s^^r,'s^{s^+, - ,,)t^l+-+A.-l+iV+| 

l<q<iAi,-,A^_i=0 Ai!---Ag_i! 

■Tr{f[c{df)]^^'^ ■ ■ ■ [c(dr-i)][^<'-il{[c(dr)][^l(s,t)}e-(^''+i-^'')*^' • • • 

■c{df)e-^''+'-''^^^^ Dc{df+^) ■ ■ ■ c{df'')e-^^-"'^*^%} 

^ (-1)1^1^1^1 • • • sf^js^+i - 1)^'+^ • • • (gfc - l)^H\^\+-2{si+, - Si) 
^ A! 

0<Ai,-,Afc<Ar-l 
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•1^{/°[c(d/^)]t^^l • • • [c(df )]MDe-*^'[c(C+i)][^'+i] • • • [c{df)]^^^Ug} + A{ + A^, 

(2.2.11) 

where the last equahty comes from (2.2.9) and 

iV-l ( iAAi+-+Aq_i+Af/'„. „ \„Ai _ A,-i JV.Ai+-+A5-i+Ar+| 

•1V{/°[c(d/^)][^i] • • • [c(dr-i)][^-^l{[c(dr)][^](s,t)}e-(^^+i-^^)*^' • • • 

•c(df )e-(^'+i-^')*^'L»c(dr+^) • • • c{df'')e-^^-"'^^^'dg}; (2.2.12) 



Al= E E E A,U!A,^,!..;.! (^m-^0^i^^---4' 

Ai,---,Ai=0 i+l<ij<fc Ag+i,---,Afe=0 

.(1 _ sgfil - S,+i)^''+i • • • (1 - s^)A.tAi+...+Ai+Ar+A,+i+...+A,+| 

■Ttiflcidf)]^^'^ ■ ■ ■ [c(df )]Me-*»+i*^'Dc(df +i)e-(^'+2-^'+i)*^' • • • c(d/'?-i) 
.g-(.,-.,_Oti^^|[c(dr)][iV]((l - 5,)t)}[c(dr+i)][^«+i] ■ ■ ■ [c(d/*^)][^'=ld5}. (2.2.13) 
Using Lemma 2.2 (i) by taking appropriate bounded operators A, B, we have: 

Tr{/0[c(d/i)][^il • • • [c(cir)][^']l)e-*^'[c(df +^)][^>+^l • • • [c{dj^)]^^'^'^dg} 



= Tr{[c(dr+i)]^+il • • • [c(d/^)][^*ld5/°[c(d/i)][^il • • • [c(df )][^'lDe-*^'} 

= Tr{D,^£»e"*^'}, (2.2.14) 

where we use the notation 

Df = [c(dr+')]f^^+^l • • • [c{df)]^^''^dgf[c{df')f^^ ■ ■ ■ Hdnf^l (2.2.15) 
Using (2.1.1), (2.2.11), (2.2.12), (3.13) and (2.2.14), then we have: 

Corollary 2.7 Let dimM = n = 2m + 1, for fj G C°°(M), < j < k, k is even 
and g £ G, then 

d^{ViD,D)if,---,f){g) 

= E(-ir E ^^^^^|^Tr{z^.'^e-*^'}+E(-ir / (^1+^^)^^, 

i=0 0<Ai,-,Afc<iV-l 1=0 "'^fc 

(2.2.16) 

with the constant 



c= E •••E(n 7 (-1) 
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1 1 1 

E Xj+i + l E \j+ji+i+i + 2 E Xj+ji+i + ---+jk + k + l 

3=1 j=l 3=1 

Now we give the estimate of ch^ {y/iD, D) and \eiN = n + 2 — k = 2m + 3 — A; in 
(2.2.16). We have: 

Theorem 2.8 1) If k < dimA'" + 1 = 2m + 2, then when t — *■ 0"*", we have: 

= j:{-iy E (-l)'y^^ ^|^A^e-*^^| + o(a). (2.2.17) 

1=0 0<Ai,-,Afc<iV-l 

2) If k > 2m + 2, then when t — > 0"*", we have: 

chiiVtD, D)U\ • • • , f''){9) ~ 0{t^). (2.2.18) 
Proof. 1) In order to prove (2.2.17), we only prove that when i — > 0+, A2ds ^ 
0{t^) (similar /^^ A^ds ~ 0{t^)). By (2.2.13), then 

I / < / 14 Ids 

AT-l AT-l ^ 



< E E E A, Vr I (2.2.19) 



where 



Ai,...,A„A,+i,...,A, = / isi+i-Si)si^^---sf'{l-s,f {l-s,+,)^^+^ ■■■{!- Sk)^" 

.^Ai+...+Ai+JV+A,+i+...+A, + f rj,^|^0[^(^jl)][Ai] . . . [c((if )]M 

{[c(dr)][^l((l-^.)0}W^+')]^'^+^l 

••• [c(d/'=)][^'=ld^} ds. (2.2.20) 
By Lemma 2.2, Lemma 2.4 and Lemma 2.6, then: 

Aai,...,a„a,+i,...,a, < / (sm - Si)s^-^-+^^{l - s,f{l - s,+i)^«+i • • • (1 - skf*' 
.^Ai+-+Ai+Ar+Aq+i+-+Afc+| rp^||^jOj^(-^yi^][Ai] . . . [c(d/')]Me"*^*^') |^£)e"(^*+i~*')*-°^) 
. (c(d/^+i)e-(**+2-**+i)^^') • • • (c(d/«-^)e-(*«-^«-i)^^') 
• ({[c(cir)]rk(l - s,)t)}[c{df<^'^')f'^+-^ ■ ■ ■ [c{df^)f>'^dg)}\ ds 
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JAq J An 



-(l-Ml)(l-Sq)tD2 



-Ul(l-Sq)tI32 



^Ar+Ai+-+Ai+Aq+i+-+Afc+| 



dtxi • • • du^dsi ■ ■ ■ dsq 



Aq J An 



SitD^ 



(si+i - Si)De 2 



q-l\ -{Sq-Sq-l)tD''' 



e 2 ^-^ 



(1 _ g^)iV+Ac,+i+-Afc+fe-gg-(l-ui)(l-Sg)t£)2 



[c(d/«)][^le-"i(i-^«)*^'[c(ci/«+i)][^«+i] • • • [c{df^)\^^>^'^dg 



1 — So 



< C 



Aq J An 



.Tr{e 4 }dui ■ ■ ■ du]\rdsi ■ ■ ■ dsq, 



(2.2.21) 



where Cq, C are constants and the second inequality comes from integrating respect 
to Sq+i, • • • , Sfc and (2.2.6). In the third inequality we use Lemma 2.2 (iv) and the 
last inequality comes from Lemma 2.2 and Lemma 2.4. By the Weyl asymptotics on 
the heat kernel we have when t ^ 0, 



Tr{e~— } ~ 0(i"2). 

By (2.2.22) and iV = n + 2 - fc, So (2.2.21) ~ 0{t^). 
2) If A; > dimAr + 1, then 



(2.2.22) 



t-2 [ (s,+i - Si)Tv[fe-'^'^\{df')e-^'^-'^^''''c{df) ■ ■ ■ c{df) 



•De-("'+i-^»)*^'c(d/*+i) • • • c{df)e-'^^-'^^^^^ dg]ds 



<tU IK fe-'^'^^'cidf )) (e-^'^-'^)'''\{df)) • • • (e 

. ( (.,+1 - s,)De-'-^^^'\ ( e-^*^^c(df +1) 



<t^ [ / 

Ja. 



-(sk-Sk-i)tD'' 



cidf" 



-{l-Sk)tD'' 



dg 



ds 



n+k-l , 



Si+1- Sit~2Tr{e~—}ds 0{t — 2 — ) ^ 0(^2), 
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where we use Lemma 2.2, Weyl estimate and condition k > dim AT + 1. □ 

2.3 Clifford Asymptotics for Heat Kernels 

By Theorem 2.8, in order to prove the regularity of the equivariant eta cochains, 
it is enough to prove that when t ^ 0, 

t\^\+-2Ti{D^De-'^'} ~ 0(^2). 

Similar to Theorem 1.1 in [Z], we have the following lemma. 

Lemma 2.9 

Tr{D^De-'''"}= f Tv{iD^UDexp{-tD^){x,y)]\y=g.,}dx. (2.3.1) 
Jm 

Proposition 2.10 If g has no fixed points on N, then 

limt^o*"5 / Ti{{D^)^[DeM-tD^)ix,g ■ x)]}dx = 0. (2.3.2) 
Jm 

Proof. We introduce an auxiliary Grassmann variable z as in [BF]. By Duhamel 
principle, we have 

exp(-t(D^ - zD)) = exp(-tD^) + ztDe^p{-tD'^). (2.3.3) 

Since g has no fixed points, d{x,g • x) > S for some constant 6 > 0. So there exist 
positive constants {i = 1, 2, 3, 4) and positive integers mi, 1712 such that t ^ 0, 

\\{D^),eM-tD^){x,g-x)\\ < -^exp(-^); (2.3.4) 

\\{D^),eM-t{D' - zD)){x,g • x)|| < -^exp(-^), (2.3.5) 

then similar to Corollary 1.4 in [Z], we prove this Proposition. □ 

Since g is an isometry, the fixed point set F of g consists of components Fi, - ■ ■ ,Fk, 
each of even codimension. If U is an open neighborhood of F, then by Proposition 
2.10, we have 

limj^oi"^ / TT{{D^)^[DeM-tD^)(.x,g ■ x)]}dx 
Jm 

= \imt^ot-^ I Tv{{Dl)^[De^^{-tD^){x,g ■ x)\}dx. (2.3.6) 
Ju 

We may assume k = 1 and codimi^ = 2n' . Denote by N{F) the normal bundle to F, 
similar to Theorem 2.2 in [LYZ] we need only to prove that 

limt_or^| / / t^^^+^T:t{{D^UDeM-tD^){x,9-x)]}dN^dC\<C, (2.3.7) 
Jf Jn^(s) 
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for some constant C > 0. Here N^{e) = {v e N^{F)\ \\v\\ < e}. 

Similar to [LYZ],[Y], for ^ e F, we choose an open neighborhood U oi and 
the orthogonal frame over U (see [LYZ], pp.574). Consider the oriented orthonormal 
frame field E^'^ defined over the patch U by requiring that E^'^(g ■ x) = E(g ■ x) 
and that E^'^ is parallel along geodesies through g ■ x. Choose a spin frame field 
a :U ^ Spin(M) such that ira = {Ef'',-- ■,E9^'^) where tt : Spin(M) ^ SO(M) is 
the two-fold covering over SO(M). For x ^ U, let K{x), g*{x), T^{x) G Hom(/, I) 
(/ is the canonical spinors space as in [LYZ].) be defined through the equivalence 
relations: 

De^^{-tD''){x,g-x)[{u{g-x),u)] = [{a{x),K{x)u)]- (2.3.8) 
dg[{<j{x),v)] = [{a{g-x),g*{x)v)]; (2.3.9) 
iD^UHx),w)] = Mg-x),T^\x)w)]. (2.3.10) 
Then similar to Lemma 4.1 in [LYZ], we have 

Lemma 2.11 

Tr{{D^UDexp{-tD^){x,g- x)]} = Tt{T,^{x)K{x)). (2.3.11) 
Proof. Let {bj} be the basis of I, then {[{(^{x),bj)]} is the basis of r(iS')|;7.Then 

Tr{{D^UDeM-tD'')ix,g ■ x)]} 

= J2ii^iU^^M-tD^){x,9- x)]{a{g ■ x), bj), {a{g ■ x),bj)) 

j 

= E((^(5 • Tt{x)K{x)bj), {a{g ■ x),bj)) 
j 

j 

= Tr{T,^{x)K{x)). □ 

As in [LYZ],[Y], We define xix'^D^e') = \P\ - \a\ + \^\, a, /3 G Z", 7 G Z2". We 
also define x(t) = —2 and x{z) = 1, then we have 

X(^x-Dfe^) = 1 + |/?| - \a\ + |7|. (2.3.12) 

Lemma 2.12 // A / 0, k ^ and k is even, then x(i'^'"^^T;^) < -2 + 2n' . 

Proof. By Lemma 3.6 in [CH], xiHdfi)]^^'^) < 2Xi and the simple argument in [LYZ] 

shows that 

n 

g*= n e^-di + d2 (2.3.13) 

o=n— 2n'+l 

where xidi) < and x{d2) < 2n' - 2. So xii^^^^^Ti") < -2(|A| + |) + 2ra' + 2|A| = 
2n' -k< 2n' - 2. □ 
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Lemma 2.13([Z]) Suppose 2. // W is an odd element and x^W) ^ 

2i - 2 + 2n', then 



t2 



—Tr{W{0;x'))fdx' 



(2.3.14) 



for some constant C > 0; where in the W{x";x'), x" stands for tangential coordi- 
nates and x' stands for normal coordinates. 



Theorem 2.14 When t^O, 

t\^\+^TT{D^De-'^'} ^ 0{t^). 
Proof. By Lemma 2.11, we only need to prove that when t ^ 0, 



i|A| + | 



Ti:{Tl'{0,x')K{Q,x'))dx' ~ 0{ti 



Set 



h{x) = 1 + -zJ2xic{ei), 



(2.3.15) 



(2.3.16) 



(2.3.17) 



1=1 



where {xi, ■ ■ ■ ,Xn) is the normal coordinates under the frame Ef'^ , ■ ■ ■ , Sfj'^ and we 
consider h as h(p where ^ is a cut function about (xi, • • • , a;„). By [Z], we have 

hc{ei)h-^ = c{ei) + (x = 0); h{D^ - zD)h-^ = D'^ + zu, (2.3.18) 

where x(^) u contains no z and the equahty 

ztDex.p{-tD'^)(x,y) = h'^{x)e^p(-t{D'^+zu)(x,y))h{y)-e^p{-tD'^){x,y) (2.3.19) 
where 



eM-tD^){^,y) = I Uif + o{t^^^+'') 1 ; 



(47rt) 



i=Q 



d(x,y)^ /[f]+2 



exp(-i (D^ + zu)){x, y) 



e 4t 



(47rt): 



{Ui + zVi)f + o{4 

i=0 



(2.3.20) 
(2.3.21) 



where x{Ui) < 2i, x(^) < 2(i — 1) and Ui, Vi contains no z. 
So we get: 



tK{x) = 



d(x.g-x) 

e 4t 
(47rt)t 



[fl+2 

E (o J2(idg - I)x)jciejmf + o(t[iH^) 
i=o ^ j 



1=0 



(2.3.22) 
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where Wj is an odd element and x(Wi) ^ 2(i — 1). Because we integrate about the 
orthogonal coordinates, so^ (2.3.22) we use the orthogonal coordinates again, 
i) If A; = 0, then = dgf and (2.3.15) is the result in [Z]. If A = 0, 

t-^D^ = tt[c(C+^)] • • • [cidf)]dgf[cidn] ■ ■ ■ [cidh]. 



By (2.3.13), we have 



Ai Yl ea + A2, 

o=n— 2n'+l 



(2.3.23) 



where Ai £ {x < 0) and ^2 G (x < 2n' - 2). So by (2.3.13), (2.3.22), (2.3.23) and 
Lemma 2.13, we get (2.3.15). 

ii) we let A 7^ and k ^ 0. By (2.3.22) and Lemma 2.12, we have 



d(x,g-x) 

e~ 4t 
(47rt)2 



lfl+2 



J2 Wif + o(t[tl+2) 



i=0 



(2.3.24) 



where Wj is an odd element and x(Wi) < 2z — 2 + 2n'. Also by Lemma 2.13 we prove 
this Theorem. □ 



2.4 The Convergence of The Total Eta Invariant 

Let (N) be Banach algebra of once differentiable function on N with the norm 

ll/lli := sup^g^|/(x)| +sup^g^||(i/(x)||. 

Let 

be an equivariant even cochains sequence in the bar complex of {N) , then 

\\(l>2q\\ = SUP||/,||<1; Q<i<2q{\\'p2q{f0,---j2q)\\c{G)}- 

Definition 2.15 The radius of convergence of (f)'^ is defined to be that of the power 
series J2 Qm4>2q\\^'^- The space of cochains sequence with radius of convergence at least 
r > is denoted by C^^^°'^(Ci(Ar)) (similarly define C°^^'^(Ci(iV))). 
In general, the sequence 

ri''{D) = {...,r,g{D),r,g^,{D),...} 

which called total eta invariant is not an entire cochain. 



Proposition 2.16 Suppose that D is invertible with X the smallest positive eigenvalue 
of \D\. Then the equivariant total eta invariant rj^{D) has radius of convergence r 
satisfying the inequality: r > 4A^ > i.e. vp{D) G C^!'"^''^(C^(A^)). 
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Proof. We can assume q > (n + 2)/2 for only considering convergence, where n = 
dimiV. For a constant 5 > 0, we have 

q q "'1+'' q •'^ 

As the proof of the proposition 1.5 in [W], the sequence 

Y,q\ / \\d.2^{tD,D)\\dtz'i 
q Jl+6 

has a radius r > 4A^ of convergence; while similar to the proof of Theorem 2.8 (2), 
we have 



Y^ql / \\ch2q{tD,D)\\dtz'i 



is an entire sequence. So this proposition is correct. □ 

For the idempotent p G M.r{C'^{Ny)^ its Chern character Ch(]9) in entire cyclic 
homology is defined by the formula (for more details see [GS]): 

Ch(p) = ^{p) + (~^)^p^)' TV2fc((p - ^) (2.4.1) 

where 

Tr2fe : MriC^iN)) ® {Mr{C°°{N))/Mr{C)f^'' ^ C°°{N) ® (C°°(Ar)/C)®2fe 
is the generalized trace map. Let 

\\dp\\ = mp]\\=Y,\\dp.,,\\ (2.4.2) 

where pij (1 < i,j < r) is the entry of p. 

Proposition 2.17 We assume that \\dp\\ < \, then the pairing {rp{D),Ch{p)) is 
well-defined. 

Proof. By (2.4.2), using the same method as Proposition 2.16, we can prove this 
proposition. □ 



3 The Proof of (1.1) 

In this section, we will prove (1.1) by using the method in [G2]. Let 

CgW = {/ e C'^{N)\fig.x) = fix), for any 5 G G and x G N}. 
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Suppose that D is invertible with A the smallest eigenvalue of and p = p* = p'^ e 
Mr{CQ{N)) is a idempotent which satisfying \ \dp\\ < A. Let 

p{D Ir)p : p{H (S) = L^{N, S ® p{C^)) ^ L^{N, S p{C^)) 

be the Dirac operator with coefficients from F = p{C^)- We denote 

dg®Ir: L^{N,S®p{C))^ L^{N,S®p{C)) 

stiU by g. Since p G Mr{CQ{N)), we have 

g\p{D ® Ir)p\ = \p{D ® Ir)p]g. 

Theorem 3.1 Under the assumption as above, we have 

<3i 



\jf{p{D ® Ir)p) = iv^'iD), Ch(p)), 

where the left term is the equivariant Atiyah-Patodi-Singer eta invariant. 
Let 



(3.1) 



D = 













p 


' 







Ir ' 




9 


' 


; p = 





p 


; a = i 


Ir 





; 9 = 





9 



be operators from iJ (g) C © (8) C to itself, then D is skew-adjoint and 

Do" = — (jD; ap = pa. 

Moreover De*°^ and e*°' {t > 0) are traceclass, so {C§'{N),H (g) C"" © ii" (g) C^ D) 
is a degree-1 Predholm module in the sense of [G2] (see Definition 2.1 in [G2]). For 
u e [0,1], Let 



L»„ = {l-u)D + u\pDp + {l-p)D{l-p)]=D + u{2p-l)[D,p], 



then 





Du 



D + «(2p- l)[D,p]. 



We consider a family of Predholm modules on [0, 1] x R x [0, oo), parameterized by 
{u,s,t), 

B = t^-Du + sa{p--), 

then D* = — D and = D^. Let A = d + T) he a superconnection on the trivial 
infinite dimensional superbundle with base [0, 1] x Rx [0, oo) and fibre H'S>C^®H'S>C^. 
By [G2], we have 

{d+Bf = tT>l-s^ /4-{l-u)tha['D,p]+dsa{p-^)+t^du{2p-l)['D,p] + ^t-^dtT>u. 

^ (3.2) 
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We also consider A as At, which is a family superconnection parameterized by t on 
trivial superbundle with base [0, 1] x R and fibre (g) C" (g) C". By Duhamel 
principle and gAt = Atg, then 



r+oo 

/ Str(<7e^ 
Jo 



+00 rl 



Str 



JO 

+0O 

Str 





dsn 



dAt a2 



dt. 



By gAt = Atg, similar to Theorem 9.23 in [BGV], we have, 



d 



r^Stiige^'] 
Jo 



d 



+00 



Str 



dA 
'lit 



dt 



= limt^+oo Chg (At)- limt^o Chg {At ) . 
Using Duhamel principle and similar to the proof of Lemma 1.1 in [Wu], we have 



lim^ 



ChgiAt) = 0. 



Using Duhamel principle, as the proof of Section 2.3, we get 

limt_oCh5(^t) = 0. 



(3.3) 



(3.4) 



Let r„ = {u} X R c [0, 1] X R be a contour oriented in the direction of increasing 
s and 7s = [0, 1] x {s} be a contour oriented in the direction of increasing u . By 
Stokes theorem, then 



0=/ d [ °^Stv{ge^'')=l [ -[ -[ +[ f^Stvige 

J[0,l]xR Jo \JTi JTo J-y+oo Jl-oo) VJO 

As the proof of (3.3), we have for some constant C > 0, 

/ r"str(5e^')~0(e— '). 

J^s Jo 



So 



/ r^Stv{ge^'')= [ r^Stvige^''). 
Jfo Jo Jfi Jo 



To JO JFi 
By Duhamel principle and (3.2), when = 0, we have 



ro JO 



+ 0O 



Sti{ge 



A2^ 



E 

A;=0 



+00 r+oo 



oo Jo 



-sV4 



X e 



/ Str (e*o*°' [-t^s(T[D,p] + dsa{p - I) + (dVt)D 
JAk I I 2 . 

-tha[Y),p] + dsa{p-^) + {dVi)'D e^>'^°^ g^ dto- ■ ■ dtk- (3.5) 



15 



Expanding (3.5) in powers of s, we will integrate about dsdt and 

J —oo 

so we only keep terms with one factor of ds, one factor of d^/i, and odd number of 
factors of a, using (2.2), we get (3.5) equals 



-(1, t7[D,p],---,<^[D,p]^ ,c7(p- -), t7[D,y],---,(7[D,p]^ 



z times 



j times 



{21 — i — j) times z times 

D, tj[D,p],---,(7[D,p]^ ,c7(p- -), f[D,p],---,<T[D,Pl )^/^(ff) 



J times 



(2Z — z — j) times 



(3.6) 



The following equality is the equivariant case of Lemma 2.2 (2) in [GS]. Assume 
gD = Dg and gA^ = A^g for < i < n, then 



i=0 



{Ao, ■ ■ ■,A^)oig) = ^(-i)(l^ol+-+|A,l)(|A,+i+-+|A.|)^l^^^^^^ • • • , A„, Ao, • • ■,A,)Dig). 

(3.7) 

then (3.6) equals 

r+oo 



By (3.7), Lemma 3.2 in [G2] and D 

°^ r+oo „ , f+oo 



-D 
D 

' X 
j=0 



{a{p-^), c7[D,p],---,cj[D,p[ a[D,p],---,tT[D,p[ )^/^{g)dVt 



j times 



(21 — j) times 



~ 2/! ^ /•+°° 

i=0 "^0 7=0 



x{a{p-^), f[tD,y],---,o-[^D,p[ ,D, a[tD,p],---,o-[tD,p[ 
j times (2/ — j) times 
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^ 971 /■+00 

X -), JtD,p],---,[^D,p[ ,D, JtD,p],-- - ,[^D,p] 



J times 

2/ 



(2Z — j) times 



°o 9/1 /•+(» ^' 



x((p-i), ,1), [tD,p],- - - ,[tD,p\ )t{g)dt 

j times (2Z — j) times 

= -4V^7r[(ry«(D),Ch(p))(5) - i(r?«(I)), rk(^,)Ch,(l))(5)]. (3.8) 
When u = 1, using Duhamel principle, then 

JfiJo J-oo Jo tTnJAu 



k=0 



1, 



dsa{p- -) +dVtDi 



(3.9) 

By the same reason as ii = 0, we have k = 2 and (3.9) equals 



i-oo Jo UA2 L 2 



dtodtidt2 



= -2i 

Let 

Lemma 3.2 



+ / Str e*°*°i'dx/tDie*^*°^'dsa(p-^)e*^*°^'5 

iA2 L 2 

e-^'/^ds / Str[(7(p - ^)Die*°i'5]dVt 

-oo Jo 2 

30 „ /■+00 1 „ 

e-^ /^ds / Tr[(p - ^)Die-'^'g]dVi 
3 io 2 

Dp = p{D ® /^)p : p{H (8) C) ^ p{H ® C""). 

/■+0O „ r+oo 

/ Tr[5Llie-*-^?]dVt = / TrfffDe-*-^ 
Jo Jo 

Proof. Let yl = {2p — l)dp, using the property of trace, then 

9 P + OD J 

VTT Jo du 



dtodtidt^ 



(3.10) 



(3.11) 



du 
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VTT Jo 

V TT Jo at 
= ^t5TV(5^e-*-°-)|+~ = 0. 

In the last equality, considering x(^) = 1, we use the similar trick in [Z]. □ 
By (3.11), then (3.10) equals 

= -27ri[r?^(L'p)-^r?^(L'C5/,)] 
= -27rz[r?«(i^p) - ^rk(p)r?«(L>)] 

= -27rz[r?«(i^p)-rk(p)(r?«(L>),Ch^(l))]. (3.12) 
Since (3.8) equals (3.12), then we get Theorem 3.1. 



4 The Equivariant Chern-Connes Character On Mani- 
folds With Boundary 

Let M be an even-dimensional compact spin manifolds with boundary dM = N 
endowed with a metric which is a product in a collar neighborhood of N. Denote 
by D (Dat) the Dirac operator acting on the spinors bundle on M (N). Suppose 
that G is a compact Lie group acting on M by orientation-preserving isomctries. 
Let Cq'{M) = {/ G C°^(M)|/ is independent of the normal coordinate Xn near the 
boundary and /|iv G C§'{N)}. 

Definition 4.1 The equivariant Chern-Connes character on M, r*^ = {tq, T2 ■,■ ■ ■ ,T2q - ■ ■} 
is defined by 

rg{f, f\ ; f')i9) ■■= -r}l{DN){f\N, /V, f'\N){g)+ 



/-le ' ^ 

2sinh(0/47r + ^^^)(iV(Fi)) 



(4.1) 

where {Fi,---,Fk} are components of the fixed point set of g acting on M. J7 is 
the curvature matrix of the normal bundle N{Fi) and is a function matrix on 
Fi (For details, see [LYZ]). fi G Cg'(M) (0 < i < 2q), r]§q{DN) is the equivariant 
ry-cochain defined in Section 2 and A{TFi) is the ^-polynomial of curvature of Fj. 
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Proposition 4.2 The equivariant Chem-Connes character is b — B closed (for the 
definitions of b, B, see [FGV]), i.e., 



hr%.2 + BT% = Q. (4.2) 

Proof. Firstly, we have the equivariant version of the corollary 2.5 in [GS]. Let 
gDN = DnQ for 5 G G and f' G C^{N) (0 < i < 2g + 1), we have 

-|ch«+l(^^iv)(/^ • • • , = h^^itDn. D^){f^, 

+Bd^^,{tDN, • • • , f^'+'M. (4.3) 
Similar to the discussion in [CM], we have 

limi^oochf5+i(iI?iv)(/°, • • • , f^'^'M = 0. (4.4) 
By (4.3) and (4.4), then 

-lTiim,^och|+i(tD^)(/0, • • • , f^'^+')ig) = [bvg{D^)+B7ig+2iDNm', ■■, f^'-^'M- 

(4.5) 

Similar to the computation in [CH], we get 

k 

^limt^ochg, , i(t£>iv)(/°, • • • , f^'^'^^Ug) = ^-^= 7 y I MTdFi) 

r(i) * " ' (2g + l)!(27rV^)'?+i tt-^SFi ^ ' 



X <^Pf 



2sinh(J)/47r + y-^){N{dFi)) 



f''dNf'A---AdNf^'^^'. (4.6) 



By (4.5) and (4.6), similar to the discussion of [Wu], we get (4.2). □ 

Remark By / G Cg=(M), so b^ {B^) defined in [KL] is b {B). 

Let Cq{M) be the Banach algebra, the completion of Cq{M) under the norm 
||.||i defined in Section 2. Let (/>^ = {(pQ , ■ ■ ■ , • • • , } be the an equivariant even 
cochains sequence in the bar complex of Cq{M). Wc call that have radius of 
convergence at least r > relative to A'' if (fP can be written as a sum of two 
cochains (jP = (f)^^^'^ + (f)^'^^''^ with (f)^^^''^ entire and ^(^^''^ supported on N such that 
(^(2),^ g C*'*^ {Cq{N)) . Then we have a corollary of Proposition 2.6 and Proposition 
2.7. 



Proposition 4.3 The equivariant Chem-Connes character r has radius of conver- 
gence at least 4A^, where A is the smallest positive eigenvalue of the invertible operator 
Dn. For a selfadjoint idempotent p G Mr{CQ{M)) such that ||c?(p|jv)|| < A, then the 
pairing (r*^, Ch(p))(y) is well-defined. 
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5 The Index Pairing 



In this section, we will give the main result of this paper. 
Let M be a smooth connected compact manifold with smooth compact boundary 
N. Assume M has even dimension, is oriented and spin. Let 

Ci(iV) = iVx (0,1]; Z = MU^x{i}Ci(A^), 

and U he a collar neighborhood of N in M. For £ > 0, we take a metric of Z such 
that on U Ujvx{i} Ci{N) 



Let 5 = 5+ © be spinors bundle associated to {Z,g^) and H°° be the set G 
T{Z, S)\ ^ and its derivatives are zero near the vertex of cone }. Denote by L'^{Z, S) 
the L^-completion of (similar define Ll{Z,S+) and Ll{Z,S-)). Let 

be the Dirac operators associated to {Z,g^) which are Predholm operators for the 
sufficient small £. Suppose that G is a compact connected Lie group acting on M by 
orientation-preserving isometries. 

(Hi) Assume that the boundary Dirac operator Dn is invertible and p = p* = 
p^ e Mr{C§'{M)) c MriC^iZ)) such that ||d(p|Ar)|| < A, where A is the smallest 
positive eigenvalue of \Dn\. 

Consider 

D+, := p{Dt ® Ir)p ■■ piLliZ, S+) C-^) ^ piL^Z, 5") C^), 

which is the Dirac operator with the coefficient from G-vector bundle p{C^) over Z. 
We also assume that 

(H2) For any g E G, there are lifts of g: 

gi : L^{N, Sn ® Im(p|Ar)) ^ L^(N, Sn ^ hHpW)); 

52: Ll{Z,S 0lmip)) ^ Ll{Z,S 0lm{p)), 
which commute with Dn and Dp^^ respectively. 

Under the assumption (H2), we define 

Ind,D+, = TV5|,,,^+^ - Tvg\^,,^-^. 
Similar to the discussion of [W, p. 165], by (Hi) then 

^iv,p|;v = p\n{Dn ^ Ir)p\N ■■ L^{N,Sn ^IHpIn)) ^ L^{N,Sn ^lm{p\N)) 
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is invertible. Let dimM = 2m. If we take the connection pd of the bundle Im(p), by 
5 = id on Imp I AT , we get (see [FGV]) 



^ )'-ilVb(<ip)''l. 



So by Theorem 3.3 in [Z] (also see [D]), Theorem 3.1 and (5.1), we get 
Theorem 5.1 Under the assumption (Hi) and (H2), then 

f-ir 



m k 



Ind,D+, = ^^ 



r=0; 



A{TFi) X 



(5.1) 



Pf 



Let 



2sinh(J7/47r + ^^)(iV(Fi)) 



T,\p{dpf'] - (r/«(i^iv)(5), Ch(p)). (5.2) 



Pf 



1 f) 



-1 



/° A d/^ A • • • A d/^^ (5.3) 



2</ 



then by the Stokes theorem, we have 
{f^,Ch{p)){g) 



y — ( ^ )^ y- / I(rFi)x|pf 



2sinh(J^/47r + ^^)(iV(F,)) 



9>1 



g!(27rv^)«^iF, 



T y / A{TFi) I Pf 

^g!(27r^)5^7F, ^ 



q>0 

1^ (-1)' 

«>1 



2sinh(J)/47r + ^-2— )(Ar(Fi)) 



-10. 



2sinh(J^/47r + ^^)(iV(Fi)) 



TV[p(dp)2«] 



TV[-(dp)2'^] 



'I¥[p(dp)2^] 



--V / y / d{^(rFi)^Pf 



g>0 



2sinh(J^/47r + ^^)(Ar(Fi)) 



2sinh(0/47r + ^^^){N{Fi)) 



Tr[p(dp)2« 



Tr[p(dp)25] 
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Ay — ( y [ A(TdFi)xlpf 



/—To 

2sinh(J^/47r + ^^^——){N{dFi)) 



-1 



Tr\p{dp) 



So, suppose that g acting on N has no fixed points, then by Theorem 5.1 and (4.1), 
we have 

Theorem 5.2 Suppose that g acting on N has no fixed points. Under the assumption 
(Hi) and (H2), then 

lndgD+, = {T^{D),Ch{p)){g). (5.3) 

Remark: Theorem 5.1 and 5.2 are easily to extend to the case of twisting a G- vector 
bundle. 
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